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Spin(9)-INVARIANT VALUATIONS ON THE OCTONIONIC
PLANE
ANDREAS BERNIG AND FLORIANE VOIDE
Abstract. The dimensions of the spaces of k-homogeneous Spin(9)-
invariant valuations on the octonionic plane are computed using results
from the theory of differential forms on contact manifolds as well as oc-
tonionic geometry and representation theory. Moreover, a valuation on
Riemannian manifolds of particular interest is constructed which yields,
as a special case, an element of ValSpin2 (9).
1. Introduction
On an n-dimensional Euclidean vector space V , we consider the space
K(V ) of compact convex subsets in V . A valuation is a real or complex
valued functional µ on K(V ) with the property that
µ(K ∪ L) + µ(K ∩ L) = µ(K) + µ(L),
for all K,L ∈ K(V ) with K ∪ L ∈ K(V ).
In this article we consider only continuous (with respect to the Hausdorff
topology on K(V )) and translation invariant valuations; we denote by Val
the vector space of these valuations.
A valuation µ is said to be k-homogeneous if
µ(tK) = tkµ(K)
for every K ∈ K(V ) and t > 0. We denote by Valk the subspace of k-
homogeneous valuations in Val. By a theorem of McMullen [36] we have the
following decomposition
Val =
n⊕
k=0
Valk. (1)
A valuation µ is even if µ(−K) = µ(K) and odd if µ(−K) = −µ(K) for
all K ∈ K(V ).
Let G be a compact subgroup of the special linear group SO(n) of V ,
and let G¯ be the group generated by G and translations. Consider the
space ValG ⊂ Val of G¯-invariant continuous valuations. It was shown by
Alesker [1] that this vector space has finite dimension if and only if G acts
transitively on the unit sphere S(V ) in V . A classification of all compact
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connected Lie groups acting transitively and effectively on S(V ) was ob-
tained by Montgomery-Samelson [37] and Borel [25]. The list contains the
series
SO(n),U(n),SU(n),Sp(n),Sp(n) ·U(1),Sp(n) · Sp(1), (2)
and the three exceptional groups
G2,Spin(7),Spin(9). (3)
The space of continuous SO(n)-invariant valuations is described by a fa-
mous theorem of Hadwiger [31], which states that ValSO(n) has dimension
n + 1. A basis of this space is given by the so called intrinsic volumes.
Hadwiger’s theorem implies in a very straightforward way many of the most
important theorems in integral geometry, compare [33] for these applica-
tions.
Hadwiger-type theorems and integral geometry of the unitary groups
U(n),SU(n) was extensively studied during the last few years [2, 14, 21,
22, 38, 44, 45].
For the symplectic groups Sp(n),Sp(n)·U(1),Sp(n)·Sp(1), the dimensions
of the spaces of invariant valuations were computed in [18]. A Hadwiger-
type theorem is known only in the cases n = 1 [4, 14, 15] (note that Sp(1) ∼=
SU(2)) and n = 2 [24].
The cases of G2 and Spin(7) have been treated by the first named author
in [16].
Until now, only partial results have been obtained by Alesker in the case
G = Spin(9), acting on a 16-dimensional space by the spin representation.
Using the theory of plurisubharmonic functions in quaternionic variables, he
constructed a 2-homogeneous Spin(9)-invariant valuation in [9].
In the first section of this paper we compute the dimensions of the spaces
Val
Spin(9)
k .
Theorem 1.
k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
dimVal
Spin(9)
k 1 1 2 3 6 10 15 20 27 20 15 10 6 3 2 1 1
These dimensions are computed using the results of the first named author
[18, Theorem 2.1 and Corollary 2.2], the description of the spin action due
to Sudbery [41] and facts from representation theory.
Before going on, let us compare our result with the one in [16]. The two
exceptional groups G2 and Spin(7) act not only transitively on some sphere,
but isotropically, i.e. the stabilizer acts transitively on the unit sphere of
the tangent space. This allows to relate invariant valuations under these
groups to invariant valuations on the tangent spaces. This approach does
not work for Spin(9), since the action of this group on S15 is not isotropic.
Another difference is that (again in contrast to the cases G2 and Spin(7))
there are rather many new invariant valuations. Therefore it seems a difficult
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problem to write down an explicit Hadwiger-type theorem and to compute
the kinematic formulas for this group.
In the second part of this paper, we present a result in the more general
setting of valuations on manifold. Before stating it, we have to recall the
Klain embedding.
Let µ be an even valuation of homogeneity degree k on the Euclidean vec-
tor space V . For a k-plane E ∈ Grk(V ), the restriction µ|E is a continuous,
translation invariant simple valuation. From a characterization theorem of
Klain [32], it follows that µ|E = c(E) · volE for some constant c(E) ∈ R.
Definition 1.1. The map Klµ : Grk(V ) −→ R,Klµ(E) = c(E) is called the
Klain function of µ. It is a continuous function on Grk(V ).
The induced map Kl : Val+k → C(Grk(V )), µ 7→ Klµ is injective. Kl is
called the Klain embedding.
Let us now recall some notions related to Alesker’s theory of valuations on
manifolds [5, 6, 7, 8, 12]. Roughly speaking, a smooth valuation on a mani-
fold M of dimension n is a functional (satisfying some technical properties)
on the space of smooth compact submanifolds with corners (see Section 5
for the definition). The space V∞(M) of smooth valuations on M admits a
natural filtration
V∞(M) =W0 ⊃ W1 ⊃ · · · ⊃ Wn.
Under the action of the Euler-Verdier involution (see Section 5), each Wk
splits as a sum Wk ∼= W
+
k ⊕W
−
k . The quotient Wk/Wk+1 is canonically
isomorphic to the space of smooth sections of the vector bundle Valk(TM)
over M whose fiber at a point p ∈M is given by Valk(TpM). If µ ∈ Wk, we
denote by T kp µ the image of µ in Valk(TpM). If µ ∈ W
ǫ
k with ǫ := (−1)
k,
then T kp µ ∈ Val
+
k (TpM) is even and can be described by its Klain function,
which is a function on Grk(TpM).
Let (M,g) be a Riemannian manifold, p ∈M . The sectional curvature of
M at p is a function Kp ∈ C(Gr2 TpM). Note that the Klain function of an
even 2-homogeneous valuation on TpM belongs to the same space.
Theorem 2. On every Riemannian manifold (M,g), there exists a valuation
µ ∈ W+2 such that for every p ∈ M , the Klain function of the induced
valuation T 2p µ on TpM is the sectional curvature of M at p.
The example M = OP 2 (octonionic projective plane) yields an even,
homogeneous of degree 2, Spin(9)-invariant valuation on O2 = R16, which is
not a multiple of the second intrinsic volume.
Acknowledgements. We are very grateful to Franz Schuster and Gil
Solanes for their suggestions and comments on the first drafts of this paper.
2. Forms and valuations
We begin by recalling the ideas and notations from [18], leading to The-
orem 2.3 and Corollary 2.4 below.
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Let V be an n-dimensional Euclidean vector space. The unit sphere in V
will be denoted by S(V ). The sphere bundle SV := V × S(V ) is a contact
manifold with contact form given by
α(x,v)(w) = 〈v, dπ(w)〉, w ∈ T(x,v)SV,
where π : SV → V is the canonical projection. We denote by Q := kerα the
contact distribution.
The space of complex valued differential forms on SV is denoted by
Ω∗(SV ). It has a bigrading
Ω∗(SV ) =
⊕
k,l
Ωk,l(SV ),
where Ωk,l(SV ) denotes the space of differential forms of bidegree (k, l) on
SV .
Definition 2.1. Given K ∈ K(V ), the oriented (n − 1)-dimensional Lips-
chitz submanifold of SV
N(K) := {(x, v) ∈ SV | v is an outer unit normal vector of K at x}
is called the normal cycle of K.
For basic properties of N(K) we refer to [28].
Definition 2.2. A translation invariant valuation µ ∈ Val is called smooth
if there exist ω ∈ Ωn−1(SV )tr and ϕ ∈ ΛnV ∗ ⊗ C = Ωn(V )tr such that
µ(K) =
∫
N(K)
ω +
∫
K
ϕ,
for every K ∈ K(V ), where the superscript tr means translation invariance.
We denote by Val∞ the space of translation invariant smooth valuations.
Smooth valuations are dense in the space of continuous translation in-
variant valuations. In recent years, several algebraic operations like prod-
uct, convolution and Alesker-Fourier transform were introduced on Val∞
[3, 10, 17, 20, 29]. Moreover, these algebraic structures are closely related
to kinematic formulas, compare [21, 22, 23, 44].
The space Val∞ fits into an exact sequence, as was shown in [39] and
[18] and will be explained now. We consider the following subspaces of
Ωk,l(SV )tr.
Ik,l(SV )tr := {ω ∈ Ωk,l(SV )tr |ω = α ∧ ξ + dα ∧ ψ, ξ ∈ Ωk−1,l(SV )tr
ψ ∈ Ωk−1,l−1(SV )tr},
Ωk,lv (SV )
tr := {ω ∈ Ωk,l(SV )tr |α ∧ ω = 0},
Ωk,lh (SV )
tr := Ωk,l(SV )tr
/
Ωk,lv (SV )
tr ,
Ωk,lp (SV )
tr := Ωk,l(SV )tr
/
Ik,l(SV )tr .
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The letters v,h,p stand for vertical, horizontal, primitive respectively.
Let L be multiplication by the 2-form dα. Then L : Ωk−1,l−1h (SV )
tr →
Ωk,lh (SV )
tr is an injection for k + l ≤ n and
Ωk,lp (SV )
tr ∼= Ω
k,l
h (SV )
tr/LΩk−1,l−1h (SV )
tr. (4)
Let G be a compact subgroup of SO(V ) acting transitively on S(V ). By
G¯ we denote the group generated by G and translations. By a slight abuse
of notation, the superscript G stands for translation and G-invariance.
We consider the operators
dQ : Ω
k,l
p (SV )
G → Ωk,l+1p (SV )
G
induced by the exterior derivative d : Ωk,l(SV )G → Ωk,l+1(SV )G, and
nc : Ωk,n−k−1p (SV )
G → ValGk
ω 7→
∫
N(·)
ω.
This map is well defined, since N(K) is a legendrian cycle, hence vanishes
on Ik,n−k−1(SV )G.
Theorem 2.3 ([18]). For 0 < k < n, the sequence
0 // (ΛkV ∗)G ⊗ C // Ωk,0p (SV )G
dQ
// · · ·
· · ·
dQ
// Ωk,n−k−1p (SV )G
nc
// ValGk
// 0
is exact.
Note that exactness on the left part of the sequence was shown by Rumin
[39], while exactness of the right hand side is a consequence of results in
[19].
The theorem and (4) yield the following corollary.
Corollary 2.4 ([18]). For 0 ≤ k, l ≤ n, set
bk := dim(Λ
kV )G,
bk,l := dimΩ
k,l
h (SV )
G,
and bk := 0, bk,l := 0 for other values of k and l. Then for 0 ≤ k ≤ n :
dimValGk =
n−k−1∑
l=0
(−1)n−k−l−1(bk,l − bk−1,l−1) + (−1)
n−kbk. (5)
The first named author [18] used this corollary to determine the dimen-
sions of the spaces of invariant valuations on quaternionic vector spaces. In
the present paper, we will study the case of the octonionic plane O2.
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3. The group Spin(9)
Let us first recall the definition of the spin groups Spin(n) for general n.
On a vector space V with dimension n we consider the special orthogonal
group SO(V ) ∼= SO(n) of V .
It is well known that the fundamental group of SO(n) is given by π1(SO(n)) =
Z/2Z for n ≥ 3. This implies that, for n ≥ 3, SO(n) has a connected double
covering, called the spin group Spin(n).
Explicit constructions and descriptions of these groups can be found in
[26, 30]. Note that the Lie algebra of Spin(n) equals the Lie algebra of
SO(n), that is the space so(n) of anti-symmetric matrices.
The group Spin(9) admits a representation on a 16-dimensional space,
called spin representation. We will use the following description of the
spin representation on the Lie algebra level due to Sudbery ([41]). Recall
that O denotes the 8-dimensional normed division algebra of the octonions.
O is neither commutative nor associative. However, it is alternative, i.e. for
all a, b, c ∈ O,
[a, b, c] = −[b, a, c],
where [a, b, c] := a(bc) − (ab)c is the associator. The center of O is R and
we denote by O′ its orthogonal complement in O, i.e. the 7-dimensional
space of pure octonions.
Proposition 3.1 (Triality principle, [40]). For T ∈ so(O), there exist unique
elements T ♯, T ♭ ∈ so(O) satisfying the following generalization of the deriva-
tion equation:
T (xy) = (T ♯x)y + x(T ♭y).
Theorem 3.2 ([41]). (1) The Lie algebra so(9) of Spin(9) can be rep-
resented as
so(9) = A′2(O)⊕ so(O
′),
where A′2(O) is the set of traceless antihermitian 2×2 matrices with
entries in O.
(2) The spin representation ρ of so(9) on
S := {2× 1 column vectors with entries in O} ∼= O2 ∼= R16
is given by
ρ(A)(x) := A · x, A ∈ A′2(O) (matrix multiplication),
ρ(T )(x) := T ♯x, T ∈ so(O′) (componentwise action),
where T ♯ ∈ so(O′) ⊂ so(O) is uniquely defined by the triality princi-
ple.
Corollary 3.3. The stabilizer of the Spin(9)-action on S15 is Spin(7). Its
action on the tangent space T(1,0)S
15 = O′ ⊕ O is the sum of the standard
representation on O′ = R7 and the spin representation on O = R8.
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For the details of these computations, we refer to [43].
Let us also recall some facts from the representation theory for odd di-
mensional orthogonal Lie algebras, again referring to [26, 30] for details.
An irreducible representation of so(2m + 1) can be represented by an
element of the lattice Λ ⊂ Rm generated by L1, . . . , Lm and (L1+· · ·+Lm)/2,
i.e. by an element of the form
m∑
i=1
λiLi
with λ1 ≥ · · · ≥ λm ≥ 0 and the λi’s are either all integers or all half in-
tegers. We encode this information in the vector [λ1, . . . , λm], called high-
est weight, and the associated irreducible representation is denoted by
Γ[λ1,...,λm].
Proposition 3.4. [30] For k = 1, . . . ,m− 1, the exterior power Λk(Vst) of
the standard representation Vst of so(2m+1) is the irreducible representation
with highest weight
[1, . . . , 1︸ ︷︷ ︸
k terms
, 0, . . . , 0].
The spin representation S is the irreducible representation with highest
weight
[1/2, . . . , 1/2].
These m representations are called fundamental representations. In fact,
the representation ring R is a polynomial ring on the isomorphism classes
of the fundamental representations
R = Z[[Vst], [Λ
2Vst], . . . , [Λ
m−1Vst], [S]].
It is useful to work with characters of representations, since the character
carries the essential information about the representation. Let us denote by
Z[Λ] the integral group ring on the abelian group Λ.
The character of the irreducible representation Γ[λ1,...,λm] = Γλ can be
computed by Weyl’s character formula ([30])
Char(Γλ) =
∣∣∣xλi+m−i+1/2j − x−(λi+m−i+1/2)j ∣∣∣∣∣∣xm−i+1/2j − x−(m−i+1/2)j ∣∣∣ ∈ Z[Λ], (6)
where x±1j and x
±1/2
j are the elements of Z[Λ] corresponding to the weights
±Lj and ±
1
2Lj respectively.
We denote by Bi the character of Λ
iVst and by B the character of the spin
representation S. Any so(2m+1)-representation V ∈ R can be expressed as
a polynomial in the fundamental representations Vst,Λ
2Vst, . . . ,Λ
m−1Vst, S,
and its character can be computed as the same polynomial inB1, . . . , Bm−1, B
([30]).
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In practice, there is no easy way to find the decomposition of an arbitrary
representation as an element of R = Z[[Vst], [Λ
2Vst], . . . , [Λ
mVst], [S]]. But
we will see that the only representations of interest in our case are exterior
powers of irreducible representations or sums of irreducible representations.
To compute the character of a representation given in this form, we can use
the following recurrence formula.
Theorem 3.5 (Adams formula [30]). Define the Adams operator ψk :
Z[Λ] −→ Z[Λ] by ψk(xj) = x
k
j . Then for any so(2m+ 1)−representation V
Char(ΛdV ) =
1
d
d∑
k=1
(−1)k−1ψk(CharV )Char(Λd−kV ).
This formula allows us to compute inductively the character of ΛkV . The
next step is to write the obtained polynomial as a linear combination of char-
acters of irreducible representations. Since a character uniquely determines
the associated representation, we conclude that, if
Char(V ) =
⊕
nλChar(Γλ),
then
V =
⊕
nλΓλ.
To decompose the character of a representation in characters of irreducible
representations, we need two observations
• The leading monomial of the character of the irreducible represen-
tation Γ[λ1,...,λm] is x
λ1
1 · . . . · x
λm
m . Recall that the leading monomial
of a polynomial is the monomial of highest degree (with respect to
the lexicographic order).
• If the leading monomial of the character of a representation V is
nλx
λ1
1 · . . . · x
λm
m , then the leading monomial of the character of V −
nλΓ[λ1,...,λm] is of strictly lower degree.
Therefore we apply the following algorithm to decompose the character
of a representation V in irreducible characters :
a) Find the leading monomial of Char(V ) : nλx
λ1
1 · . . . · x
λm
m .
b) Compute Char(Γ[λ1,...,λm]) with the help of Weyl’s character formula.
c) Compute Char(V − nλΓ[λ1,...,λm]).
d) Find the leading monomial of the new polynomial. If it is not a
constant, start over with b), otherwise we have the decomposition
of V .
After finitely many steps, we obtain the decomposition of Char(V ).
4. Dimension of ValSpin(9)
In Section 3 we sketched an algorithm to determine the characters of
exterior powers of some given representation of so(2m+ 1). In this section,
we will apply this algorithm in order to compute the constants bk, bk,l. We
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denote by V the 16-dimensional space O2, with the spin representation of
Spin(9).
Proposition 4.1. The numbers bk = dim(Λ
k(O2))Spin(9) are given by
bk =
{
1 for k = 0, 8, 16,
0 for all other values of k.
Proof. We compute the exterior powers of the spin representation of so(9)
as follows.
Case k = 0 : Λ0(V ) = C is the trivial representation, so b0 = 1.
Case k = 1 : Λ1(V ) = V = Γ[1/2,1/2,1/2,1/2] is irreducible, so b1 = 0.
Case 2 ≤ k ≤ 8 : With Adams formula and the algorithm described
above, we can decompose ΛkV in irreducible representations as follows :
Λ2V = Γ[1,1,1,0] ⊕ Γ[1,1,0,0]
Λ3V = Γ[3/2,3/2,1/2,1/2] ⊕ Γ[3/2,1/2,1/2,1/2]
Λ4V = Γ[2,2,0,0] ⊕ Γ[2,1,1,1] ⊕ Γ[2,1,0,0] ⊕ Γ[2,0,0,0] ⊕ Γ[1,1,1,1]
Λ5V = Γ[5/2,3/2,1/2,1/2] ⊕ Γ[5/2,1/2,1/2,1/2] ⊕ Γ[3/2,3/2,3/2,3/2] ⊕ Γ[3/2,3/2,1/2,1/2] ⊕ Γ[3/2,1/2,1/2,1/2]
Λ6V = Γ[3,1,1,0] ⊕ Γ[3,1,0,0] ⊕ Γ[2,2,1,1] ⊕ Γ[2,1,1,1] ⊕ Γ[2,1,1,0] ⊕ Γ[2,1,0,0] ⊕ Γ[1,1,1,0] ⊕ Γ[1,1,0,0]
Λ7V = Γ[7/2,1/2,1/2,1/2] ⊕ Γ[5/2,3/2,3/2,1/2] ⊕ Γ[5/2,3/2,1/2,1/2] ⊕ Γ[5/2,1/2,1/2,1/2]
⊕ Γ[3/2,3/2,3/2,1/2] ⊕ Γ[3/2,3/2,1/2,1/2] ⊕ Γ[3/2,1/2,1/2,1/2] ⊕ Γ[1/2,1/2,1/2,1/2]
Λ8V = Γ[4,0,0,0] ⊕ Γ[3,1,1,1] ⊕ Γ[3,1,1,0] ⊕ Γ[3,0,0,0] ⊕ Γ[2,2,2,0] ⊕ Γ[2,2,1,0] ⊕ Γ[2,2,0,0] ⊕ Γ[2,1,1,1]
⊕ Γ[2,1,1,0] ⊕ Γ[2,0,0,0] ⊕ Γ[1,1,1,1] ⊕ Γ[1,1,1,0] ⊕ Γ[1,0,0,0] ⊕ Γ[0,0,0,0].︸ ︷︷ ︸
trivial representation
Hence bk = 1 if and only if k = 8.
Case 9 ≤ k ≤ 16 : Since there is an isomorphism of Spin(9)-modules
ΛkV ∼= Λ16−kV,
the only non-zero bk is b16. 
Proposition 4.2. The numbers bk,l = dimΩ
k,l
h (SO
2)Spin(9) are given by
the following table, together with the symmetry relations bk,l = b15−k,15−l =
bk,15−l = b15−k,l:
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k 0 1 2 3 4 5 6 7
l
0 1 0 0 1 2 1 0 4
1 0 2 2 3 5 7 10 9
2 0 2 7 7 10 22 28 24
3 1 3 7 18 30 39 50 63
4 2 5 10 30 56 68 88 116
5 1 7 22 39 68 116 150 162
6 0 10 28 50 88 150 204 210
7 4 9 24 63 116 162 210 266
Proof. We first describe the spaces Ωk,lh (SV )
Spin(9).
Let v = (1, 0)T ∈ S15 ⊂ O2. Since Spin(9) acts transitively on SV , there
is an isomorphism
Ψ : Ωk,l(SV )Spin(9) → Λk,l(T(0,v)SV )
Stab((0,v)) = Λk,l(T(0,v)SV )
Spin(7)
ω 7→ ω(0, v).
The tangent space T(0,v)(SV ) decomposes as
T(0,v)(SV ) = Rv ⊕ T ⊕ T,
where T := TvS
15 = O′ ⊕O.
The isomorphism thus becomes
Ψ : Ωk,l(SV )Spin(9) → Λk,l(R ⊕O′ ⊕O⊕O′ ⊕O)Spin(7).
Recall that
Ωk,lh (SV )
G := Ωk,l(SV )G
/
Ωk,lv (SV )
G ,
where
Ωk,lv (SV )
G := {ω ∈ Ωk,l(SV )G |α ∧ ω = 0}.
Since
Ψ(α)(λv + w) = α(0,v)(λv + w) = 〈v, λv〉 = λ,
for all w ∈ T ⊕ T , Ψ induces an isomorphism on the space of horizontal
forms by
Ωk,lh (SV )
Spin(9) −→ Λk,l(O′ ⊕O⊕O′ ⊕O)Spin(7)
ω 7→ ω(0, v).
So the coefficients bk,l can be computed as
bk,l = dimΛ
k,l(O′ ⊕O⊕O′ ⊕O)Spin(7)
= dim(Λk(O′ ⊕O)⊗ Λl(O′ ⊕O))Spin(7)
= dimHomSpin(7)(Λ
k(O′ ⊕O),Λl(O′ ⊕O)),
where the last equation follows from the self-duality of Λk(O′ ⊕O).
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Therefore, if
Λi(O′ ⊕O) =
∑
λ
n
(i)
λ Γλ, i = 0, . . . , 7
is the decomposition into irreducible parts, Schur’s lemma implies that
bk,l =
∑
λ
n
(k)
λ n
(l)
λ . (7)
We first compute with Weyl’s character formula (6) the character
Char(Γ[1,0,0]) + Char(Γ[1/2,1/2,1/2])
of O ⊕ O′, then apply Adam’s formula and the same algorithm as before.
The result is the following table, whose i-th column contains in the line
indexed by [λ1, λ2, λ3] the coefficient of Γ[λ1,λ2,λ3] in the decomposition of
Λi(O⊕O′).
i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7
[0, 0, 0] 1 1 2 1 4
[12 ,
1
2 ,
1
2 ] 1 1 2 3 4 5 6
[1, 0, 0] 1 1 1 2 3 5 3
[1, 1, 0] 2 1 1 5 6 4
[1, 1, 1] 2 4 3 4 7
[32 ,
1
2 ,
1
2 ] 1 2 3 5 6 7
[32 ,
3
2 ,
1
2 ] 1 2 3 5 5
[32 ,
3
2 ,
3
2 ] 1 2 2 3
[2, 0, 0] 1 2 1 1 3
[2, 1, 0] 1 1 2 3 4
[2, 1, 1] 1 3 4 4
[2, 2, 0] 1 2
[2, 2, 1] 1 2 1
[2, 2, 2] 1
[52 ,
1
2 ,
1
2 ] 1 1 2 2
[52 ,
3
2 ,
1
2 ] 1 1 2
[52 ,
3
2 ,
3
2 ] 1 1
[3, 0, 0] 1
[3, 1, 0] 1
[3, 1, 1] 1
The values for bk,l stated in the proposition follow from (7) and this
table. 
Proof of Theorem 1. Theorem 1 follows from Proposition 4.2 and (5). 
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5. A canonical valuation on Riemannian manifolds
We first recall the background material for valuations on manifolds. We
refer to the articles [5], [6] and the lectures notes [11] as a general reference
for the material presented in the following.
Let M be a smooth oriented n-dimensional manifold.
Definition 5.1. A closed subset P ⊂M is a submanifold with corners
if it is locally diffeomorphic to Ri≥0 × R
j, with integers i, j.
Denote by P(M) the space of compact submanifolds with corners in M .
Consider the oriented projectivization PM of the cotangent bundle T
∗M
PM := (T
∗M\0)/R>0 ∼= S
∗M,
here 0 is the zero section of T ∗M and S∗M denotes the cosphere bundle of
M .
An element of PM can be thought of as a pair (p,H) with p ∈ M and
H ⊂ TpM an oriented hyperplane.
Definition 5.2. For P ∈ P(M), we define the following sets: The tangent
cone to P at x is given by
TxP := {v ∈ TxM | ∃ smooth curve c : R→ P with c(0) = x, c
′(0) = v}.
The dual tangent cone is
T ◦xP := {ξ ∈ T
∗
xM | 〈ξ, v〉 ≤ 0 ∀v ∈ TxP}.
The normal cycle of P is given by
N(P ) :=
⋃
x∈P
(T ◦xP \ {0})/R>0.
It is well known thatN(P ) is an (n−1)-dimensional Lipschitz submanifold
of PM , which can be oriented in a canonical way.
If M = V is a vector space, this definition coincides with Definition 2.1.
Definition 5.3. A valuation on a manifold M is a finitely additive func-
tional µ : P(M) → R, i.e. for any P1, P2 ∈ P(M) such that P1 ∪ P2, P1 ∩
P2 ∈ P(M),
µ(P1 ∪ P2) = µ(P1) + µ(P2)− µ(P1 ∩ P2).
A valuation is said to be smooth if there exist γ ∈ Ωn−1(S∗M) and ϕ ∈
Ωn(M) such that
µ(P ) =
∫
N(P )
γ +
∫
P
ϕ.
We denote by V∞(M) the space of smooth valuations on M . Note that
any pair (ϕ, γ) ∈ Ωn(M)×Ωn−1(SM) defines a valuation. However, different
pairs may define the same valuation, compare [19] for the description of the
kernel of this map.
If µ ∈ V∞(M) is represented by a pair (ϕ, γ), then the pair ((−1)nφ, (−1)ns∗γ)
defines a valuation σµ ∈ V∞(M). Here s : S∗M → S∗M is the involution
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(p, [ξ]) 7→ (p, [−ξ]), p ∈ M, ξ ∈ T ∗pM \ {0}. The operation σ is well-defined
and is called Euler-Verdier involution [6].
From now on, we let (M,g) be a Riemannian manifold. There is a canon-
ical identification S∗M ∼= SM , so that we may consider N(P ) as a subman-
ifold of SM .
It will be more convenient to work with a subset in TM instead of SM .
Definition 5.4. For a compact submanifold with corners P ⊂ M , its disc
bundle N1(P ) ⊂ TM is the sum of P ×{0} and the image of [0, 1]×N(P )
under the homothety in the second factor
N1(P ) = ι∗(P ) + F∗([0, 1] ×N(P )),
where ι : M →֒ TM, p 7→ (p, 0) is the natural inclusion and F : R× SM →
TM, (t, (p, v)) 7→ (p, tv) is the homothety map.
Clearly N1(P ) is an n-dimensional Lipschitz submanifold of TM with
boundary, and we have
∂N1(P ) = N(P ).
If a smooth form γ ∈ Ωn−1(SM) extends to an (n−1)-form γ˜ ∈ Ωn−1(TM),
then Stoke’s theorem implies∫
N(P )
γ =
∫
N1(P )
dγ˜.
Conversely, we have the following.
Lemma 5.5. Any smooth n-form ω on TM defines a smooth valuation by
µ(P ) =
∫
N1(P )
ω,
for P ∈ P(M).
Proof. Let us write
µ(P ) =
∫
N1(P )
ω
=
∫
P
ι∗ω +
∫
[0,1]×N(P )
F ∗ω
=
∫
P
ι∗ω︸︷︷︸
=:ϕ
+
∫
N(P )
∫ 1
0
F ∗
∣∣
(t,·)
(
∂
∂t
, ·
)
dt︸ ︷︷ ︸
=:γ
=
∫
P
ϕ+
∫
N(P )
γ,
with ϕ ∈ Ωn(M) and γ ∈ Ωn−1(SM). 
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Let us denote by Val∞(TM) the bundle whose fiber over a point p is the
space Val∞(TpM). Then (1) implies a grading
Val∞(TM) =
n⊕
k=0
Val∞k (TM).
Theorem 5.6 ([6, 11]). There exists a canonical filtration of V∞(M) by
closed subspaces
V∞(M) =W0 ⊃ W1 ⊃ · · · ⊃ Wn,
such that the associated graded space grWV
∞(M) :=
⊕n
k=0Wk/Wk+1 is
canonically isomorphic to the space C∞(M,Val∞(TM)) of smooth sections
of the infinite-dimensional vector bundle Val∞(TM) −→M .
Let us remark that there exist product structures on V∞(M) and on
Val∞(TpM) and the isomorphism of the theorem is an isomorphism of graded
algebras. However, we will not need the product structure in this paper.
Let us describe the isomorphism more explicitly. Let µ ∈ Wk and p ∈M .
Let τ : U → V ⊂ Rn be a coordinate chart around p. The differential
dτp : TpM → Tτ(p)V ∼= R
n is a linear isomorphism. The valuation T kp µ ∈
Val∞k (TpM) is defined by
T kp µ(P ) :=
1
k!
dk
dtk
∣∣∣∣
t=0
(τ−1)∗µ (τ(p) + t(dτp(P )− τ(p))) , P ∈ P(TpM).
(8)
It is independent of the choice of τ . Strictly speaking, by this definition we
obtain an element of V∞(TpM)
tr (translation invariant smooth valuations
on TpM), but this latter space can be canonically identified with Val
∞(TpM)
[6].
Under the action of the Euler-Verdier involution, each Wk splits as W
+
k ⊕
W−k , where W
±
k denotes the (±1)-eigenspace of σ acting on Wk. If µ ∈
Wǫk, ǫ ∈ {±1}, then T
k
p µ ∈ Valk(TpM) has parity (−1)
kǫ.
Let us introduce a filtration on the space of n-forms on T ∗M , following
[5].
For every (p, ξ) ∈ T ∗M we define
Wk(Ω
n(T ∗M))|(p,ξ) :=
{
ω ∈ ΛnT ∗(p,ξ)(T
∗M) | ω|F ≡ 0 for all F ⊂ T(p,ξ)(T
∗M)
with dim(F ∩ T(p,ξ)(π
−1(p))) > n− k
}
,
where π : T ∗M →M is the projection. Then we have the filtration
Ωn(T ∗M) =W0(Ω
n(T ∗M)) ⊃W1(Ω
n(T ∗M)) ⊃ . . .
. . . ⊃Wn(Ω
n(T ∗M)) ⊃Wn+1(Ω
n(T ∗M)) = 0.
For ǫ ∈ {±1} set
W ǫk(Ω
n(T ∗M)) := {ω ∈W ǫk(Ω
n(T ∗M)) : s˜∗ω = (−1)n+ǫω},
where s˜ : T ∗M → T ∗M, (x, ξ) 7→ (x,−ξ).
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Theorem 5.7 ([5]). The map Ξ : Ωn(TM)→ V∞(M) given by
(Ξ(ω))(P ) :=
∫
N1(P )
ω
is surjective. More precisely, for k ∈ {0, 1, . . . , n} and ǫ ∈ {±1}, the map Ξ
maps W ǫk(Ω
n(TM)) onto Wǫk surjectively.
Let now (M,g) be a Riemannian manifold. Let Γ(M) denote the space
of vector fields on M , let R be the Riemann curvature tensor of M and K
its sectional curvature.
For p ∈ M , the tensor Rp is an element of Sym
2Λ2TpM ⊂ Λ
2TpM ⊗
Λ2TpM . Let R
∗
p be the image of Rp under the maps
Λ2TpM⊗Λ
2TpM
∼=
−→ Λ2TpM⊗Λ
n−2TpM ⊂ Λ
n(TpM⊕TpM) ∼= Λ
n(T(p,v)TM),
where the first isomorphism is induced by the Hodge-∗ operator.
We define an n-form ω ∈ Ωn(TM) by
ω(p,v) :=
1
κn−2
R∗p ∈ Λ
n(T(p,v)TM),
where the normalization constant κn−2 is the volume of the (n−2)-dimensional
unit ball, that is
κn−2 =
π(n−2)/2
Γ
(
n−2
2 + 1
) .
By Lemma 5.5, we may associate a smooth valuation to ω.
Definition 5.8. The sectional curvature valuation µsec ∈ V∞(M) is defined
by
µsec(P ) :=
∫
N1(P )
ω, P ∈ P(V ).
Theorem 5.9. The valuation µsec defined above has filtration index 2 and
belongs to the (+1)-eigenspace of the Euler-Verdier involution, i.e.µsec ∈
W+2 . For each p ∈M , the Klain function of the induced valuation T
2
p µ
sec ∈
Val+2 (TpM) equals the sectional curvature of M at p.
Proof. In order to show that µsec ∈ W2, we use Theorem 5.7. It thus suffices
to show that, for (p, v) ∈ TM
R∗p
∣∣
F
≡ 0
for all F ⊂ T(p,v)(TM) with dim(F ∩T(p,v)(π
−1p)) = dim(F ∩V(p,v)) > n−2,
where V(p,v) ∼= TpM is the vertical subspace of T(p,v)(TM). However, this is
immediate from the fact that R∗p ∈ Λ
2(TpM)⊗ Λ
n−2(TpM).
Since s˜∗ω = (−1)nω, µsec ∈ W+2 and hence T
2
p µ
sec ∈ Val∞,+2 (TpM) for all
p ∈M .
Finally, fix p ∈ M and let us compute the Klain function of T 2p µ
sec ∈
Val+2 (TpM).
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Let E ∈ Gr2(TpM), and let D
2 be the 2-dimensional unit ball in E.
Consider the exponential map exp : TpM → M , and set τ := exp
−1. Then
we have τ(p) = 0 and dτp = id|TpM . Using (8) we obtain
T 2p µ
sec(D2) =
1
2
d2
dt2
∣∣∣∣
t=0
(τ−1)∗µsec
(
τ(p) + t(dτp(D
2)− τ(p))
)
=
1
2
d2
dt2
∣∣∣∣
t=0
µsec
(
τ−1(tD2)
)
=
1
2
d2
dt2
∣∣∣∣
t=0
∫
N1(τ−1(tD2))
ω.
Define St := τ
−1(tD2) ∈ P(M). Then
µsec(St) =
∫
N1(St)
ω
=
∫
N1(St)
ω(q,v)(v
h
1 , v
h
2 , v
v
3 , . . . , v
v
n)dqdv,
where vh1 , v
h
2 are horizontal lifts (i.e. lifts in the horizontal subspace H(q,v)) of
an orthonormal basis {v1, v2} of TqSt and v
v
3 , . . . , v
v
n are vertical lifts (i.e. lifts
in the vertical subspace V(q,v)) of an orthonormal basis of the orthogonal
complement of TqSt in TqM .
The definition of ω implies that
µsec(St) =
1
κn−2
voln−2(D
n−2)
∫
St
R∗q(v1, v2, v3, . . . , vn)dq,
where Dn−2 denotes the (n − 2)-dimensional unit ball, since, by definition,
R∗q is constant on each fiber.
Using the isomorphism given by the Hodge-∗ operator, we obtain
1
κ2t2
µsec(St) =
1
κ2t2
∫
St
Rq(v1, v2, v1, v2)dq
=
1
κ2t2
∫
St
K(TqSt)dq
−→ K(E), as t→ 0.
By definition of T 2p µ
sec, we obtain
T 2p µ
sec(D2) =
1
2
d2
dt2
∣∣∣∣
t=0
µsec (St)
= κ2K(E)
= vol2(D
2)K(E),
and therefore
KlT 2p µsec(E) = K(E),
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i.e. the Klain function of T 2p µ
sec coincides with the sectional curvature K of
M at p. 
Examples. Let G be a Lie group acting isotropically on M , i.e. G acts
transitively on the unit sphere bundle SM . Let us fix a point p ∈ M and
let H ⊂ G be the stabilizer of p. Then the isomorphism from Theorem 5.6
restricts to an isomorphism
grWV
∞(M)G ∼= C∞(M,Val∞(TM))G ∼= ValH(TpM).
In particular, we have the following isomorphism
(Wk/Wk+1)
G ∼= ValHk (TpM), ρ 7→ T
k
p ρ. (9)
Since the form ω is G-invariant, the same holds true for the valuation
µsec. Hence T 2p µ
sec ∈ ValH2 (TpM).
(1) The complex projective space.
Let M := CPn with its Fubini-Study metric, TpM = C
n, G :=
U(n+ 1), H := Stabp = U(1)×U(n). The action of H on C
n is not
faithful, factoring out the kernel leaves us with the canonical action
of U(n) on Cn.
It is well-known that the U(n)-orbits of Gr2(C
n) are character-
ized by their Ka¨hler angles (compare e.g. Tasaki [42] for a more
general statement). More precisely, let a plane E be generated by
two orthogonal vectors v,w. Then the Ka¨hler angle ϕ(E) ∈
[
0, π2
]
is defined by the equation
cos2 ϕ(E) = 〈v, iw〉2.
Thus ϕ measures the angle between the complex planes spanned by
{v, iv} and {w, iw} (cf. [34]).
The sectional curvature of a plane E is given by K(E) = 1 +
3 cos2 ϕ(E), hence the Klain function of T 2p µ
sec is given by
KlT 2pµsec(E) = 1 + 3 cos
2 ϕ(E),
Let us relate the sectional curvature valuation
T 2p µ
sec ∈ Val2(TpCP
n)U(n) = Val2(C
n)U(n)
with known valuations from hermitian integral geometry. Several
bases of ValU(n) have been constructed in [21], for instance hermit-
ian intrinsic volumes and Tasaki valuations. In particular, a
basis for Val
U(n)
2 is given by the Tasaki valuations τ2,i, i = 0, 1. Their
Klain functions are
Klτ2,0 = 1, Klτ2,1 = cos
2 ϕ,
where ϕ is the Ka¨hler angle. Hence the sectional curvature valuation
T 2p µ
sec can be written in terms of the Tasaki valuations as
T 2p µ
sec = τ2,0 + 3τ2,1.
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(2) Let M := HPn, the quaternionic projective space with its standard
metric, G := Sp(n + 1), TpM ∼= H
n, H := Stabp = Sp(n) × Sp(1).
Again the action of H on TpM is not faithful. Factoring out the
kernel we obtain an action of Sp(n) · Sp(1) on Hn.
The Sp(n) ·Sp(1)-orbits on Gr2(H
n) were described in [24]. Given
a 2-plane E ⊂ Hn, choose an orthonormal basis u1, u2 of E. Then
the standard quaternionic hermitian scalar product of u1, u2 is a pure
quaternion. The orbit of E is uniquely characterized by the norm
λ of this quaternion. Moreover, there exist an Sp(n) · Sp(1) and
translation invariant continuous valuation τ whose Klain function
equals λ2. These statements are shown in the case n = 2 in [24,
Theorems 1 and 2], but the proofs work for higher n as well.
On the other hand, the sectional curvature of HPn at the 2-plane
E equals 1+3λ2, compare e.g. [35]. Since dimVal2(H
n)Sp(n)·Sp(1) = 2
[15], we obtain by comparing the Klain functions
T 2p µ
sec = µ2 + 3τ,
where µ2 is the second intrinsic volume (whose Klain function is 1).
(3) The octonionic projective plane. Due to the non-associativity
of O, the concept of octonionic projective space only makes sense in
dimension 2 ([13]). For M = OP 2, we have TpM = O
2, G := F4 and
H := Stabp = Spin(9).
For (a, b), (c, d) ∈ O2 with ‖(a, b)‖ = ‖(c, d)‖ = 1 and 〈(a, b), (c, d)〉 =
0, the sectional curvature of the plane generated by (a, b), (c, d) is
given by (cf. [27])
K(E(a,b),(c,d)) = 4
[
‖a ∧ c‖2 + ‖b ∧ d‖2 +
1
4
‖a‖2‖d‖2 +
1
4
‖b‖2‖c‖2
+
1
2
〈ab, cd〉 − 〈ad, bc〉
]
,
where ‖a ∧ b‖2 is
‖a ∧ b‖2 = det
(
〈a, a〉 〈a, b〉
〈b, a〉 〈b, b〉
)
= ‖a‖2‖b‖2 − 〈a, b〉2.
In particular,
K(E(1,0),(i,0)) = 4, K(E(1,0),(0,1)) = 1.
Alesker [9] constructed a valuation τoct on O
2 which is Spin(9)-
invariant and of degree of homogeneity 2, called the octonionic
pseudo-volume. Its Klain function satisfies
Klτoct(E(1,0),(i,0)) = 0, Klτoct(E(1,0),(0,1)) = 1.
Since we have shown that Val
Spin(9)
2 is of dimension 2, the valua-
tion T 2p µ
sec can be expressed as a linear combination of the second
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intrinsic volume and the octonionic pseudo-volume. Comparing the
values of the Klain functions, we obtain
T 2p µ
sec = 4µ2 − 3τoct.
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